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We show that the teleparallel f (T ) gravity can provide compatible versions of bouncing cosmologies. In
this work two bounce universe models have been investigated. We present their phase portraits by constructing
the phase space of the models. Also, the thermalization process of the universe during the bouncing period
is discussed. We rewrite the solutions in Einstein frame to represent the torsion gravity as extra degree-of-
freedoms. The evolution of the equation-of-state of the torsion fluid has been studied. Assuming that the matter
component to be a canonical scalar field, we obtain the scalar field potentials induced by the f (T ) gravity of
the two suggested models. The evolution of the scalar field equation-of-state during bouncing period has been
investigated. Moreover, we study the energy conditions of these two models. Finally, the slow roll validity in
the bouncing cosmology is discussed.
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I. EINSTEIN’S COSMOLOGY

Copernican (or cosmological) principle is believed to be
a good approximation to construct a reliable cosmological
model.

ds2 = −dt2 + a(t)δi jdxidx j, (1)

where a(t) is the scale factor. Standard cosmology today is
a manifestation of Copernican principle and Einstein’s field
equations of general relativity (GR) are given by,

Gµν = κ2
Tµν, (2)

where Gµν is called Einstein tensor, κ2 = 8πG/c4, G is the
Newtonian’s gravitational constant and c is the speed of light
in vacuum. We assume the natural unit system c = ~ = kB = 1,
and the stress-energy tensor Tµν is taken for a perfect fluid as,

Tµν = ρuµuν + p(uµuν − gµν), (3)

where uµ = δ0
µ is the 4-velocity of the fluid in co-moving co-

ordinates, ρ and p are the density and pressure of the fluid,
respectively.

Applying the Einstein field equations to the FRW universe
leads to Friedmann equations

H2 =
κ2

3
ρ, Ḣ + H2 = −

κ2

6
(ρ + 3p), (4)

where H ≡ ȧ/a is the Hubble parameter and the dot denotes
the derivative with respect to time. Constraining the Fried-
mann equations by the equation-of-state p = ωρ, then solve
for the scale factor [1]

aFRW =

 ak [(1 + ω)(t − ti)]
2

3(1+ω) , ω , −1;
eH0(t−ti), ω = −1.

(5)

∗Electronic address: nashed@bue.edu.eg
†Electronic address: waleed.elhanafy@bue.edu.eg

Where ak, H0 and ti are constants. The former is the usual
power-law scale factor, for ω > −1/3 the universe is expand-
ing with deceleration, while it is accelerated when ω < −1/3.
The later gives de Sitter universe, where ω = −1, which does
not allow the universe to evolve, that could be considered in
late phases rather inflation.

Ḣ = −
3
2

(1 + ω)H2. (6)

We classify the four different regions in Figure 1 as follows:
(I)-region represents an accelerated contracting universe as
q < 0 and H < 0,
(II)-region represents a decelerated contacting universe as
q > 0 and H < 0,
(III)-region represents a decelerated expanding universe as
q > 0 and H > 0 which characterizes the standard FRW
models,
(IV)-region represents an accelerated expanding universe as
q < 0 and H > 0 which characterizes the so-called inflation
or dark energy phases.

According to the GR phase portraits, it is clear that differ-
ent choice of an equation-of-state produces a different phase
portrait, such that ωm > −1/3 gives decelerated phases, ωm =

−1/3 identifies the zero acceleration curve, while ωm < −1/3
gives accelerated phases as shown in Figure 1. Figure 2 is the
phase portrait of GR plus a cosmological constant, Λ. From
Fig. 2, it is clear that when Λ = 0 we return to the phase por-
trait of Fig. 1 and when Λ > 0 we have the blue curve which
represents a big bang singularity followed by an inflation then
a bounce after crossing the fixed point (stable one) in finite
time. Same discussion can be applied when Λ < 0, which
represented by the red curve.
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FIG. 1: The standard general relativistic phase portraits. The dot
curve represents the zero acceleration boundary, it divided the phase
space into two regions. The shaded region is the deceleration region,
while the unshaded is the acceleration one. The labels (I)-(IV) give
four possible behaviors.

We investigate the possibility to cross from Ḣ > 0 branch
to Ḣ < 0 through the de Sitter fixed point H2. The former
branch goes effectively as a phantom-like (ωe f f < −1), while
the latter is a non-phantom (ωe f f > −1). The conditions for
this transition to occur are listed as follows The conditions for
this transition to occur are listed as follows [? ]

(i) limH→Hinf Ḣ+ = 0,

(ii) limH→Hinf dḢ+/dH = ±∞,

(iii) t =
∫ Hinf

H dH/Ḣ+ < ∞.

In addition to these conditions, it has been shown that the
crossing is possible only when Ḣ(H) is a doubled valued func-
tion [2, 3].

If we want to reproduce the above phase portraits of Fig. 3
or Fig. 4 within GR using linear equation-of-state we will get
a conflict with continuity equation [3]. Therefore, we need to
modify GR.

II. PHASE PORTRAITS OF f (T ) COSMOLOGY

A. Teleparallel space

This space is denoted in the literature by many names
teleparallel, distant parallelism, Weitzenöck, absolute paral-
lelism, vielbein, parallelizable space. An AP-space is a pair
(M, ha), where M is an n-dimensional smooth manifold and
ha (a = 1, · · · , n) are n independent vector fields defined glob-
ally on M. The vector fields ha are called the parallelization
vector fields.

FIG. 2: ΛCDM phase portrait.

FIG. 3: From acceleration to deceleration.

Let ha
µ (µ = 1, ..., n) be the coordinate components of the

a-th vector field ha, where Greek and Latin indices are con-
strained by the Einstein summation convention. The covariant
components haµ of ha are given via the relations

ha
µha

ν = δ
µ
ν and ha

µhb
µ = δb

a, (7)

where δ is the Kronecker tensor. Because of the independence
of ha, the determinant h ≡ det(ha

µ) is nonzero. On a telepar-
allel space (M, ha), there exists a unique linear connection,
namely Weitzenböck connection, with respect to which the
parallelization vector fields ha are parallel. This connection is
given by

Γαµν ≡ ha
α∂νha

µ = −ha
µ∂νha

α, (8)

and is characterized by the property that

∇(Γ)
ν ha

µ ≡ ∂νha
µ + Γµλνha

λ ≡ 0, (9)

where the operator ∇(Γ)
ν is the covariant derivative with respect

to the Weitzenböck connection. The connection (8) will also
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FIG. 4: Phantom cross conditions.

be referred to as the canonical connection. The relation (9) is
known in the literature as the AP-condition.

The non-commutation of an arbitrary vector fields Va is
given by

∇(Γ)
ν ∇

(Γ)
µ Va

α − ∇(Γ)
µ ∇

(Γ)
ν Va

α = Rα
εµνVa

ε + T ε
νµ∇

(Γ)
ε Va

α,

where Rα
εµν and T ε

νµ are the curvature and the torsion tensors
of the canonical connection, respectively. The AP-condition
(9) together with the above non-commutation formula force
the curvature tensor Rα

µνσ of the canonical connection Γαµν to
vanish identically. Moreover, the parallelization vector fields
define a metric tensor on M by

gµν ≡ ηabha
µhb

ν, (10)

with inverse metric

gµν = ηabha
µhb

ν. (11)

The Levi-Civita connection associated with gµν is

Γ̊αµν =
1
2

gασ
(
∂νgµσ + ∂µgνσ − ∂σgµν

)
. (12)

In view of (9), the canonical connection Γαµν (8) is metric:

∇(Γ)
σ gµν ≡ 0.

The torsion tensor of the canonical connection (8) is defined
as

Tα
µν ≡ Γανµ − Γαµν = ha

α
(
∂µha

ν − ∂νha
µ

)
. (13)

The contortion tensor Kα
µν is defined by

Kα
µν ≡ Γαµν − Γ̊αµν = ha

α ∇(Γ̊)
ν ha

µ. (14)

where the covariant derivative ∇(Γ̊)
σ is with respect to the Levi-

Civita connection. Since Γ̊αµν is symmetric, it follows that
(using (14)) one can also show the following useful relations:

Tαµν = Kαµν − Kανµ, (15)

Kαµν =
1
2

(
Tναµ + Tαµν − Tµαν

)
, (16)

where Tµνσ = gεµ T ε
νσ and Kµνσ = gεµ Kε

νσ. It is to be noted
that Tµνσ is skew-symmetric in the last pair of indices whereas
Kµνσ is skew-symmetric in the first pair of indices. Moreover,
it follows from (15) and (16) that the torsion tensor vanishes if
and only if the contortion tensor vanishes. In the teleparallel
space there are three Weitzenböck invariants: I1 = TαµνTαµν,
I2 = TαµνTµαν and I3 = TαTα, where Tα = Tραρ. We next
define the invariant T = AI1 + BI2 + CI3, where A, B and
C are arbitrary constants [4]. For the values: A = 1/4, B =

1/2 and C = −1 the invariant T is just the Ricci scalar up to
a total derivative term; then a teleparallel version of gravity
equivalent to GR can be achieved [5]. The teleparallel torsion
scalar is given in the compact form

T ≡ Tα
µνS α

µν, (17)

where the superpotential tensor

S α
µν =

1
2

(
Kµν

α + δ
µ
αT βν

β − δ
ν
αT βµ

β

)
, (18)

is skew symmetric in the last pair of indices.

B. f (T ) gravity

There are different extensions of TEGR, e.g. Born-Infeld
extension of the TEGR [6, 7], another interesting variant is
the modified teleparallel equivalent of Gauss-Bonnet gravity
and its applications [8-10]. The extension to f (T )-gravity has
been inspired by the f (R)-gravity by replacing the Ricci scalar
in the Einstein-Hilbert action instead of the Ricci scalar. But
the former is by replacing the teleparallel torsion scalar by an
arbitrary function f (T ) [11-14]. We consider the action of the
f (T )-gravity

S =

∫
d4x|h|

[
1

2κ2 f (T ) + Lm

]
, (19)

where Lm is the lagrangian of the matter and |h| =
√
−g =

det
(
hµa

)
. The variation of the action (19) with respect to the

tetrad gives

1
h
∂µ

(
hS µν

a

)
fT−hλaT ρ

µλS νµ
ρ fT +S µν

a ∂µT fTT +
1
4

hνa f =
κ2

2
hρaT ν

ρ ,

(20)
where f = f (T ), fT =

∂ f (T )
∂T , fTT =

∂2 f (T )
∂T 2 such that the TEGR

theory is recovered by setting f (T ) = T . For more details of
f (T )-gravity, see the recent review [15].

C. Modified Friedmann equations

We take the metric to be of the at Friedmann-Robertson-
Walker (FRW) form (1). Therefore, the vierbein may take the
diagonal form

eµa = diag(1, a(t), a(t), a(t)). (21)

G.G.L. Nashed, W.E. Hanafy. Constructan f(Т)-theory from abouncing FRW universe  

 Доклады ТУСУРа, том 19, № 4, 2016   

25

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



This directly relates the teleparallel torsion scalar (17) to Hub-
ble parameter as

T = −6H2, (22)

where H ≡ ȧ/a is Hubble parameter and we use the dot to
denote the differentiation with respect to the cosmic time t.
Where Tµν is the usual energy-momentum tensor of matter
fields. We consider a perfect-fluid material-energy tensor (3).
Inserting the vierbein (21) into the field equations (20) for
the matter fluid (3), the modified Friedmann equations of the
f (T )-gravity read

ρm =
1

2κ2

[
f (T ) + 24H2 fT

]
, (23)

pm =
−1
2κ2

[
f (T ) + 4(3H2 + Ḣ) fT − 48ḢH2 fTT

]
. (24)

In the above, the usual Friedmann equations are recovered by
setting f (T ) = T . Assuming that the matter fluid is governed
by the linear equation-of-state pm = ωmρm, the system ac-
quires the conservation (continuity) equation

ρ̇m + 3H(1 + ωm)ρm = 0. (25)

D. Dynamical view of f (T )

We argue that the modified Friedmann equations of any
f (T )-theory can be viewed as a one-dimensional autonomous
system, i.e. Ḣ = F (H), if we use the linear equation-of-state
of the universe matter. As a consequence we can interpret this
differential equation as a vector field on a line introducing one
of the basic techniques of dynamics. In order to prove our
argument we use the useful relation (22), then the field equa-
tions (23) and (24) in flat space can be rewritten in terms of
Hubble parameter as [16]

ρm =
1

2κ2

[
f (H) − H fH

]
, (26)

pm =
−1
2κ2

[
f (H) − H fH −

1
3

Ḣ fHH

]
, (27)

where fH := d f
dH and fHH := d2 f

dH2 . Constraining the modi-
fied Friedmann equations to the linear equation-of-state pm =

ωmρm, we write [16]

Ḣ = 3(1 + ωm)
[

f (H) − H fH

fHH

]
= F (H). (28)

Since f (H), fH and fHH are functions of H only, hence for
any f (T )-theory we can always write the modified Friedmann
equations in flat space as a one-dimensional autonomous sys-
tem. In order to fix our notations, we follow [17] calling equa-
tion (28) the f (T ) phase portrait, while its solution H(t) is the
phase trajectory. Thus the phase portrait corresponds to any
f (T )-theory can be drawn in an (Ḣ − H) phase-space of the
Friedmann’s system. In this space each point is a phase point
and could serve as an initial condition. It is clear that when

f (H) = −6H2, equation (28) reproduces the standard general
relativistic phase portrait, i.e.

Ḣ = −
3
2

(1 + ωm)H2. (29)

The last equation can be represented geometrically as shown
in Figure 1.

One of the modified gravity theories which has been used
widely in cosmology is the f (T ) theory. Although, this can be
applied generally in modified gravity, the modified Friedmann
equations of any f (T )-theory can be viewed as a one dimen-
sional autonomous system [16], i.e. Ḣ = F (H). This fea-
ture is not available for other modified gravity theories, e.g.
f (R), which contain higher derivatives of H. In this sense
we find that the phase space analysis is more consistent with
f (T ) cosmology. However, similar models have been investi-
gated, without using the phase space, in Gauss-Bonnet modi-
fied gravity [18, 19].

III. BOUNCING MODELS IN f (T ) COSMOLOGY

To reconstruct a bouncing universe in the framework of
f (T ) and discuss its physical motivation we must follow the
below items:

• Select a bouncing scale factor

• Reconstruct f (T ) of the bounce universe

• Draw the phase portrait

• Investigate the thermal evolution (slow roll validity)

• Move to Einstein frame

• Investigate the torsion equation-of-state

• Consider the matter component to be a canonical scalar
field

• Evaluate the scalar potential of the f (T ) theory

• Investigate the equation-of-state and the energy condi-
tions

Now are going to apply the above procedure to two models:

A. Model 1

In this model the scale factor is given by

R(t) =

√
β2t2 + R0

2. (30)

From Eq. (30) we get the Hubble parameter

H(t) =
β2t

β2t2 + R0
2 ⇒ t(H) =

β ±
√
β2 − 4H2R0

2

βH
. (31)
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The rate of the Hubble parameter is given by

Ḣ(t) =
β2(R0

2 − β2t2)
β2t2 + R0

2 ⇒ Ḣ(H) = −
2
√
β2 − 4H2R0

2

β ±
√
β2 − 4H2R0

2
.

(32)

The functions f (t) and f (T ) have the form

f (t) =
c1t

β2t2 + R0
2 + c2

( (t2(4 + 3ω)β2 + R0
2)[hypergoem([ 1

2 ,
3(1+ω)

2 ], [ 3
2 ],− β

2t2

R0
2 )]

3β2(1 + ω)(β2t2 + R0
2)

+
(t2[hypergoem([ 3

2 ,
5+3ω

2 ], [ 5
2 ],− β

2t2

R0
2 )]

3R0
2

)
,

(33)

from which one can write it in terms of the torsion scalar as

f (T ) =
1

3TR0
2β2(1 + ω)(3β2 ± β

√
6TR0

2 + β2)

(
c2[TR0

2β2 + 2β4 ± α(TR0
2 − 6β2)

√
6TR0

2 + β2](1 + ω)

× hypergoem([
3
2
,

5 + 3ω
2

], [
5
2

],−
TR0

2 + 3β2 ± β
√

6TR0
2 + β2

TR0
2 ) + TR0

2
[
3TR0

2(1 + ω) ± c2

√
6TR0

2 + β2(3ω + 4) + 3β2(3ω + 4)

× hypergoem([
1
2
,

3(1 + ω)
2

], [
3
2

],
TR0

2 + 3β2 ± β
√

6TR0
2 + β2

TR0
2 ) ± βc1(1 + ω)

√
(±β

√
6TR0

2 + 9β2 − TR0
2 − 3β2)T

])
, (34)

FIG. 5: Phase space of the first model.

It is convenient to transform from the matter frame we have
been used to Einstein frame, which gives Einstein’s field equa-
tions form and additional degrees-of-freedom by f (T )-gravity.
So we write the modified Friedmann equations in the case of
f (T )-gravity, i.e.

H2 =
κ2

3
(ρ + ρT ) , (35)

2Ḣ + 3H2 = −κ2 (p + pT ) , (36)

where the standard matter energy density ρ and pressure p
have their torsion scalar counterpart while ρT and pT are de-
fined as,

ρT =
1

2κ2 [2T f ′ − f − T ], (37)

pT =
2
κ2 Ḣ(2T f ′′ + f ′ − 1) − ρT . (38)

are the torsion contributions to the energy density and pres-
sure, respectively, which satisfy the continuity

ρ̇T + 3H(ρT + pT ) = 0. (39)

One can show that ρT and pT vanish where f (T ) = T and
the standard Friedmann equations are recovered. We argue
here that the quantities ρT and pT can explain the early self-
acceleration of the universe. Then, by using equations (37)
and (38), we can define the effective torsion equation-of-state
parameter as
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ωT ≡
pT

ρT
= −1 +

4Ḣ(2T f ′′ + f ′ − 1)
2T f ′ − f − T

= −
1

3β2(t2β2 − R0
2)[t(t2β2 + R0

2)3 f ′ + (t2β2 − R0
2){(t2β2 + R0

2)2 f − 6β4t2}]

[
(t2β2 − R0

2)(t2β2 + R0
2)4 f ′′ − β2{t(t2β2 + R0

2)3

×(9R0
2 − 5t2β2) f ′ − 3(t2β2 − R0

2)2[(t2β2 + R0
2)2 f − 2β4t2 − 4R0

2β2]
]
. (40)

FIG. 6: Eq. of state for total matter and torsion of the first model.

We also define the effective (total) equation-of-state parameter

ωe f f ≡
p + pT

ρ + ρT
= −

t2β2 + 2R2

3β2t2 . (41)

As is clear from Fig. 6 that about bounce time (i.e., t = 0)
we have either ωe f f > 1 and ωT > 1 which are needed for a
bounce universe to wash up the anisotropies.

B. Model 2

In this model the scale factor is given by

R(t) = R0(eαt + e−αt). (42)

From Eq. (42) we get the Hubble parameter

H(t) =
α(eαt − e−αt)

eαt + e−αt ⇒ t(H) =

ln
(
±

√
α+H
α−H

)
α

, (43)

The rate of the Hubble parameter is given by

Ḣ(t) =
4α2e2αt

(1 + e2αt)2 ⇒ Ḣ(H) = α2 − H2. (44)

Figure 7 shows the phase portrait of the second models which
is clearly coincides with GR plus a positive cosmological con-
stant, Λ > 0, where Λ in this case is related to the constant α.

The form of the function f has the form

f (t) =
1

(1 + e2αt)3(1+ω)

[
c1hypergoem([−3(1 + ω),

−(1 + 3ω)
2

], [
−3(1 + ω)

2
], e2α)

+c2etα(5+3ω)hypergoem([2,
−(1 + 3ω)

2
], [

7 + 3ω
2

],−e2α)
]
, (45)

where hypergoem(n,d,z) is the generalized hypergeometric function F(n, d, z). One can write Eq. (33) in terms of the torsion
scalar in the form

f (T ) = (T + 6α2)
5+3ω

4

[
c1LegP(

3ω + 1
2

,
3ω + 5

2
,

√
−T

6α
)

+c2LegQ(
3ω + 1

2
,

3ω + 5
2

,

√
−T

6α
)
]
, (46)

where LegP(v, x) and LegQ(v, x) are the Legendre functions of the first and second kinds respectively.
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FIG. 7: Phase space of the second model.

FIG. 8: Phase space of the second model.

Figure 8 shows that about bounce time (i.e., t = 0) we have
both ωe f f > 1 and ωT > 1 as discussed in model 1.

FIG. 9: The temperature of the first model

IV. THERMALIZATION OF THE UNIVERSE

According to the first law of thermodynamics, in the ex-
panding universe, we have

ΘdS = d(ρV) + pdV, (47)

with the integrability condition [20]

∂2S
∂Θ∂V

=
∂2S
∂V∂Θ

,

the energy density and pressure satisfy

dp
dΘ

=
ρ + p

Θ
. (48)

Using (47) and (48), we evaluate the temperature

Θ(t) = Θ0 e

∫ d
dt p(t)

ρ(t) + p(t)
dt
,

∝ a−3ω = Θ0a−3ω, (49)

where Θ0 = Θ(t0) is an arbitrary constant, with a dimension
K. We assume the boundary condition so that the temperature
Θ ∼ 2.74 K at the present time where t0 ∼ 1017 sec. Using Eq.
(49) we plot the temperature of the first and second models as
shown in Figs. 9 and 10. As shown in Fig 9. that the temper-
ature depends on the parameter β. In Fig. 10 it is clear that
in early time the temperature is low which is a good environ-
ment to slow roll condition. Therefore, we are going to study
the matter content as a scalar field in the next section.
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FIG. 10: The temperature of the second model

V. MATTER AS A CANONICAL SCALAR FIELD

As is well known that standard inflationary models assume
a scalar field (inflaton) ϕ, where its density and pressure are
defined by

ρϕ =
ϕ̇2

2
+ V(ϕ), (50)

pϕ =
ϕ̇2

2
− V(ϕ). (51)

Where ϕ̇2 represents a kinetic term of the inflaton and V(ϕ)
is its potential. Accordingly, the inflaton equation-of-state pa-
rameter ωϕ := pϕ/ρϕ � −1, where V(ϕ) � ϕ̇2. This assump-
tion (slow-roll) can not be justified unless the temperature at
this episode is very law.

Combining (50), (51), (35) and (36), we write the kinetic
and the potential of the scalar field

φ̇2(t) =
1

6κ2

(
Ḣ f̈ − ḟ Ḧ

Ḣ2

)
, (52)

V(t) =
1

2κ2

[
f +

(
Ḧ

6Ḣ2
−

H
Ḣ

)
ḟ −

f̈
6Ḣ

]
. (53)

In order to be consistent with literature we may use κ2 = 1/M2
p

with Mp = 1.22 × 1019 GeV. The above equations are consis-
tent with the scalar field background (Klein-Gordon) equation
of homogeneous scalar field in the expanding FRW universe

φ̈ + 3Hφ̇ +
dV
dφ

= 0. (54)

A. Model 1

Using Eqs. (52) - (54) we get

φ̇2 =
−c2

6α2κ2R0
2

[
α2t2(1 + ω) × hypergeom

(
[
3
2
,

5 + 3ω
2

], [
5
2

],
−α2t2

R0
2

)
− hypergeom

(
[
1
2
,

3(1 + ω)
2

], [
3
2

],
−α2t2

R0
2

)
R0

2
]
, (55)

and the potential has the form

v(t) =
−3c2

28α2κ2R0
6(1 + ω)(α2t2 − R0

2)2

[
−7/5R2

0(1 + ω)t2([17/3 + ω]α4t4 − [5 + ω]α2t2R2
0 − 2R0

4)[5/3 + ω][α2t2 + R2
0]

× hypergeom
(
[
5
2
,

7 + 3ω
2

], [
7
2

],
−α2t2

R0
2

)
+ (1 + ω)t4(α2t2 − R0

2)α4[7/3 + ω](β2t2 + R2
0)2(5/3 + ω)

×hypergeom
(
[
7
2
,

3(3 + ω)
2

], [
9
2

],
−α2t2

R0
2

)
+ 7R4

0(1 + ω)([20/9 + ω]α6t6 − 8/9[15/8 + ω]α4t4R2
0

−5/9R0
4t2α2(16/5 + ω) − 1/9R0

6) × hypergeom
(
[
3
2
,

5 + 3ω
2

], [
5
2

],
−α2t2

R0
2

)
− 14/3R6

0([4/3 + ω]α4t4

−4/3[3/2 + ω]α2t2R2
0 − 1/3R0

4ω) × hypergeom
(
[
1
2
,

3(1 + ω)
2

], [
3
2

],
−α2t2

R0
2

)]
+ V0, (56)

where c2 and V0 are constants of integration. By the same method one can calculate the scalar field φ
and the potential of the second model. Figures 10–14 shows
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FIG. 11: The Eq. of state of the scalar field of the first model model

FIG. 12: The Eq. of state of the scalar field of the first model model

the behaviors of the equation of state of the scalar field for
positive and negative quantities of the constant of integration
V0 when the parameter ω = 0.

B. Model 2

C. Energy conditions

In this subsection we investigate another major problem
that usually faces bouncing models, that is the violation of
the NEC, which gives rise to ghost instability problem. In the
case of a perfect fluid, these energy conditions strong energy
condition, SEC, and null energy condition ,NEC, must satisfy
ρ + p ≥ 0 and ρ + 3p ≥ 0, while the weak energy condition,
WEC, and dominant energy condition, DEC, demand the fol-

FIG. 13: The Eq. of state of the scalar field of the second model
model

FIG. 14: The Eq. of state of the scalar field of the second model
model

lowing constrains ρ ≥ 0 and ρ ± p ≥ 0.

We summaries the energy conditions of the perfect fluid as

Name For perfect fluid
Weak ρφ ≥ 0, ρφ + pφ ≥ 0;

Null ρφ + pφ ≥ 0;

Strong ρφ + pφ ≥ 0, ρφ + 3pφ ≥ 0;

Dominant ρφ ≥ |pφ |.

(57)

Using the above conditions we plot the energy conditions of
the first and second models in figures 15 and 16. As clear from
these figures that the four energy conditions are fulfilled.
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FIG. 15: The energy conditions of the first model model

FIG. 16: The energy conditions of the second model model

VI. CONCLUSION

The results of this study can be summarized as:

• The GR applications in cosmology are very limited.

• The f (T )-theories have more flexibility to overcome the
limitation of GR.

• The thermal evolution in general has the form Θ ∝ a−3ω.
Figure (10) shows that at the early time the temperature
is low and this is a good environment to slow roll con-
ditions.

• The torsion gravity provides a good candidate to de-
scribe the bounce behavior at early time (to wash the
anisotropies).

• The canonical scalar field matter in f (T ) does not vio-
late the NEC.
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Нашед Дж., Ханафи В. Эль 
Построение   f(T)-теории из колеблющейся  
Вселенной Фридмана 
 
Показано, что телепараллельная f(T)-гравитация может 
предоставить совместимые версии космологии колебаний. 
В данной работе были изучены две модели колеблющихся 
вселенных, описаны их фазовые портреты посредством 

построения моделей фазового пространства. Также обсу-
ждается процесс термализации Вселенной во время пе-
риода колебаний. Заново написаны решения в рамках 
теории Эйнштейна с целью описания гравитации круче-
ния как дополнительной степени свободы. Изучена эво-
люция уравнения состояния кручения жидкостей. Допус-
кая, что исследуемый компонент является каноническим 
скалярным полем, получены потенциалы областей ска-
лярного поля, вызванные f(T)-гравитацией двух предло-
женных моделей. Исследована эволюция уравнения со-
стояния скалярного поля во время периода колебания. 
Дополнительно были изучены энергетические условия 
двух моделей. В заключение, обсуждается обоснованность 
медленного вращения в космологии колебаний. 
Ключевые слова: инфляция, скалярное поле, телеперал-
лелизм. 
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