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MaTtemaTn4yeckaa moaenb aHanusa MHOroagpecHom
MapLlpyTusaumm B MyNbTUCEPBUCHOWN CEeTU CBA3M

[Mpemioxena MaremMaTnueckasi MoJielib (PyHKIIMOHUPOBaHUs MyJbTHCEpBUCHON cetH cBsizu (MCC)
IPY MHOTO3APECHOI MapLIpyTH3aLMK, BKIIOYAIONIas B ce0s: MOASIb BXOIIIINX HH()OPMALOHHBIX
TIOTOKOB, MOJIEJIb MapIIPyTH3ALMH1, MOJIENb CETEBBIX JIEMEHTOB (MapILIPYTH3aTOPOB).

KnaroueBble ciioBa: MHOroaapecHas MapuIpyTH3alusl, MaTeMaTHUeCKasi MOJAENb, MyJIbTHCEPBUCHAS
CETb.

W3BecTHO, YTO MPOTOKONBI CETEBOTO YPOBHS 3HAUUTEIBHO BIMUAIOT Ha (DYHKIIHOHHPOBAHHE CETH CBSI3U
U mapaMeTpbl kauecTBa oocmyxuBanusg (QoS) npunoxenwuii [1]. [IpoBeneHne SKCriepUMEHTAIBHBIX HUCCIIE-
noBaHuil Ha AeiicTBytonx MCC ¢ Hcnonb30BaHUEM PA3IUYHBIX METOJOB MapIIPYTU3ALUU CBSI3aHO C TEX-
HUUYCCKUMH, OPTaHU3AIMOHHBIMU U (PUHAHCOBBIMU TPYIHOCTSIMU. OIHUM U3 PEIICHUH TaHHOM IMpoOIeMbl
ABJISIETCS] pa3paboTka MaremaTHyeckoil Moxenu (ynkimonuposanust MCC. B Hacrosimiee Bpemst aHATU3Y
(DYHKITHOHHPOBAHHSI ITPOTOKOJIOB CETEBOTO YPOBHSI MOCBAIIEHO MHOXKECTBO padot [1-5, 9]. IIpeanoxeHst
MaremMaTH4yeckue Moaenu ¢pyHknuoHupoBanus MCC, yunThIBaroImye B TOM YHCIIE CaMOIOA00HBIN Tpahuk
npu ofHOaJpecHoi MapmpyTu3anuu [2]. OgHako Bompockl aHanu3a (yHknuoHupoanus MCC ¢ ydetom
IIPOTOKOJIOB MHOTI0aIpECHOM MapIIPyTU3allil PacCMOTPEHBI HEOCTATOYHO. B CBA3M C 3TUM BO3HUKAET
HEOOXOAMMOCTh Pa3pabOTKH MOZOOHBIX MOJETICH.

1. OnpenesieHne UCXOAHBIX JAHHBIX, OTPAHNYCHNH MATEeMAaTHYeCKOl MoO/JeJIH U KpUTepHeB aHa-
Ju3a pynkunonuposanusi MCC

WcxonHabie JaHHEBIC.

1. TlpencTaBuM CTPYKTypy CETH CBA3M B BHJIE€ HEOPUEHTHpOBaHHOTO rpada G(Ag L), rme Ag—
MHOXECTBO BepiuuH rpada, Ag =(ay,..,d;,..,ag); S— Konmu4ecTBo y3108 kommyrtamuu (YK); Lg ¢ — MHOXKe-
cTBO pebep rpada, orpaxaromux gunuu ceszu (JIC); Lg ={.l,~j} , 0] =1,_S;i # J, mpuaeM [; =(0,1). B ka-
xnoi JIC [;; nmeercs kj; xananos cessu (KC), i,/ =1,_S;i #zj; K :||kij||s,s —marpuua KC B JIC.

2. TaroreHue y310B-ucTodyHUKOB (YH) a; u rpynn y3nos-nomydarenei (YII) a;, mpu nocTymieHuy 1o-
TOKa JaHHbIX r-ro npunoxenus B MCC, 3agagum Marpumeit tsarorennii [T

s
MK . . —
11, =||Tl',,.l'j||s o OSTE”'j <I1; Z‘Erij =1.
’ i,J

3. HOCTyHaIOH_[I/Iﬁ B CCTh CBsA3U MIOTOK JAHHBIX 7-TO MPUJIOKCHUA CUUTACTCA CaMOHOlIO6HI>IM:

X

1 _
k 1e 0 x>0,

SO={ ok
0, x<O0,

o0
e I’ (k): J.xk_le_xdx , C TTapaMeTpaMu k, — KOIMYECTBO COOOIIEHHH, MTOCTYMAIOMNX Ha 00CITyKHBaHHE;
0
0 — mapameTp raMMa-pacrpeneeHus.
4. 3aKkoH pacnpeeNeHusl JITUTETLHOCTH O0CTY)KHBaHUS 3asiBKH B KaxkJaoM YK momuumHsieTcs 3KCro-
HEHIHAIFHOMY 3aKOHY:

_ ~Hanrt
Ho6 (tun )= Wanpe M
C MapaMeTPOM: [lyy » — HHTCHCHBHOCTb OOCIIY)KHBAHHS COOOIICHHUS F~I0 TIPHIOKCHHS.

5. Meton mapmpyTtuzanuu [2] M;:
M, — naBuHHEIH, QopMEpOBaHHE epeBa ¢ KopHeM B YU mpu mocnenoBaTeIbHOM BEIOOPE MCXOISIINX
TpakToB nepegauun coodmenuit (MUTIIC);
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M, — urpoBoii, popmupoBanue naepesa ¢ kopHeM B YU npu napamnensaoM Beioope UTIIC;
M5 — 1aBUHHBIH, (hOpMUpPOBaHKE OCTOBOTO JIepeBa IIpH HocieaoBareasHoM Beibope UTIIC;
M, — urpoBoii, hopMHpOBaHHE OCTOBOTO JepeBa npu mapaivieasHoM Bbeioope UTIIC npeacraBum B

; ,j=1,8, rme PrMK(t),j — BEpPOATHOCTD MEpeXo-

>

S,S
J1a U3 y371a i B Y3€I j IIPH ITOUCKE #-T0 y3J1a TPYIITEI HOTyYaTeNei IS #-T0 TPHITOKEHUS.
Ozpanuuenuss Mamemamudeckol Mooenu
1. B cetn ncmionp3yeTcss METOJ] KOMMYTAIIUH [TAKETOB C IIPEIBAPUTEIFHEIM YCTAHOBICHUEM COCIMHECHUSL.
2. Dnementsl cetd (YK, JIC) abcomoTHO HaIeKHBI.
3. [TakeThl, MOCTYMAIOIINE B CETh TOCTOSTHHOM JJTUHBL.
Onpedenenue kpumepues ananuza @yuxkyuonuposarus MCC
B kavectBe kputepueB oneHKH QyHKIIHOHUpoBaHus MCC nmpumem:
1) muddepeHMANBEHYIO OICHKY KauecTBa OOCITY>KWBAaHHS TIOJB30BaTeNeH s 7-TO TPUIIOKCHUS,

Bujie Tabiu mapupytuzanuu (TM) PrMK(t) Z“PrMK(Z)y"

A

P}":

B

A

; Bjst,j=1,85i# ] — BEPOATHOCTH OJIOKMPOBKH 7-I0 IPHIIOKCHAS MEXKAY i-M U j-M YK

S,S

2) MHTETPANIbHYIO OLEHKY Ka4eCTBa 00CIY)KMBAHNUS MOJIb30BATENEN; [)  — BEPOATHOCTH OIOKUPOBKU
r-ro npunoxenus B 1ienom mo MCC.

Takum 06paszom, OyneM OICHUBATh (PYHKIMOHAT {Pr ;P()’r} :F{G(AS K 5 )51, ,k,u,M,-} .

2. MaremaTn4eckasi MOIeJIb BXOISIIIUX HH(POPMALHOHHBIX OTOKOB

UtoO6H! cirydaliHBIN MPOIECC SBISIICS CAMOIIOI00HBIM, JOJIKHBI BBITOTHATECS CIEAYIOIIUE YCIOBUS:

— CIyYaiHBIA Tpollecc AOJDKeH 00NIafaTh MEAJIEHHO YOBIBAIOIIEH 3aBUCUMOCTBIO, T.€. €r0 aBTOKOppe-
JSIMOHHAs (PYHKIUS JOIKHA yOBIBATh 110 THIEPOOIMIECKOMY 3aKOHY C YBEIHUCHHUEM JIara;

— CIlyyaiiHBIN Mpoliecc JOJKEH UMETh paclpellelieHue C TSHKEIbIM (BECOBBIM) XBOCTOM, T.€. XBOCT
pacIpenenaeHus J0DKEeH 3aTyXarh 110 CTETIIEHHOMY 3aKOHY.

Bocnone3yemcst cneayromuMy CBOHCTBaMH FraMMa-pacipeaeICHus:

1)ecmn X1,X»,...,X; — He3aBUCHMBIC CIyYaiiHbIC BEJIMYUHBI, TAKKE UTO X; ~F(kl-,6) , TO

n n
Y=>X;~T| > k.0|; (1
i=1 i=1
2) ecmn X ~I'(k,0), u a > 0 — nponsBoneHas koucranta, 1o aX ~I'(k,ab).
ITycTh Ha BXOJ CETEBOTO dJIEMEHTA MOCTYNAIOT MaKeThl JaHHBIX OT pasauunbix YU. Ioctynaromume
IIOTOKH 06pa3yIoT raMMa-pacrpesielieHue ¢ napamerpamu k, 0. Toraa cymMMapHbIil HOTOK Ha BXOJIE CETEBO-
IO HIeMEeHTa TaKkKe 00pa3yeT raMMa-pacipe/IeeHue:

n n
A=Y"%~T| X ki ,0|=I(K.0).
i=1 i=1
MaTeMaTI/I‘-IeCKOG OXHUJaHUuC u ,III/ICHepCI/I}I CYMMapHOFO IIOTOKa paBHLI COOTBETCTBCHHO

n n
M[X]=0k=6-K ; D[X]=062>k=6-K.
i1 i=1
3. MaremaTunyeckas MOA€Jb MAapIIPYTU3AllMHU HA CE€THU CBA3HU
Tabnuua MapmpyTH3aLUN CTPOUTCS B Pe3ybTaTe padOThl MMUTAIIMOHHBIX aJITOPUTMOB MapIIpyTH3a-
[IUH, TIPEJICTABICHHBIX B [8].
Iycts AM® — 061125 HHTEHCHBHOCTH HOTOKA HH(OPMAIIMK MHOTOAAPECHOTO Tpaduka. CleqoBaTen-
HO, BBIPpAXXCHHE
A{z_ﬁr =Hl’\:IKAMK ,
rac E_, — 0603Ha‘IaET BBI60p OAHOIO U3 Z[epCBBeB ONTHUMAJIBHBIX MapuIpyToB, onpe):[enﬂeT HMHTCHCHUBHOCTH
MTOCTYIUICHUS IIOTOKOB HH(GOPMAIIMK #-T0 TIPHIIOKESHUS IS TAHHOW TPYIIBI MOJTydaTeeH.
Torma 0ObeTUHEHHBIH BO BXOJHOW YACTH CETEBOTO BJIEMEHTA TOTOK JIs & -JiepeBa paclpenesercs B

COOTBETCTBMM C TalJMUAMU MapIIpYTH3alM¥ HA BBIXOAHbIE MOTOKH A|=Ag, A, Ay =Ag,; P,
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-o» Ay =Ag By . B coorBercTBun CO CBOKCTBOM (1) ramMma-pacrpesie/ieHust BBIXOHbIC OTOKH Ag OyayT

TaK)K€ MMETh raMMa-pacupeaciICHuc:

n

Ae=Ag, B ~T(K-B,0)=T|F ) k;b
j=1
Maremaruueckoe OXXUaaHue U JUCIICPCHUA B 9TOM ClIy4dac

n n
M[X]=R-6-K=F-83k; , D[X]=0°KR=06"RY k.
J=1 J=1
B pe3yiibTaTe, COrIacHoO oco0eHHOCTH MHOI‘OaZ[peCHOfI MapuipyTusanuv, KOTopasa 3aKjIro4acTcs B IIC-
penade omHOW u TOH ke uH(popMauu oT YU k rpyrime moiydarenel, pacipeneieHie HHTCHCUBHOCTH T10-

TOKa A g - 11O OZIHOMY H3 JICPEBBEB ONTHMATLHBIX MApIIPYTOB OyzmeT TakuM, Kak IOKa3aHo Ha puc. 1.
>

Tpyoonm Y11

ONTHMATEHEX
MapIlp ¥T OB

Puc. 1. IIpumep pacnpeneneHusi FHTEHCHBHOCTH MOTOKa HH()OPMALIUK IO IEPEBY ONTHMAIILHBIX MapIIpyTOB

B pesynbrare hopmupyercs B3BEIICHHBIH Tpad ceTH CBs3H, pedpaM KOTOPOTO IMPHUCBOCHBI HHTEHCHB-
HOCTH TIPOXOASAIINX MOTOKOB JIaHHBIX:

MK MK _1¢
A };J:AE_,,rPr,kl’ kIl1=1S".

Harnee x Becy Kaxxaoro pedpa monydeHHOro rpada npuOaBiseTcs 3Ha4eHHE HATPY3KH, CO31aBaeMOi
[IPUMEHSIEMBIM METOIOM MapuipyTu3aiuu. Harpyska, co3qaBaeMasi METOJAMU MapIIpyTH3alHK, COCTOUT
U3 CIEAYIONMX KOMIIOHEHT:

— Harpyska, co3aaBaemas B nporecce popmuposanus TM uHdopMaivu Ha CeTH CBS3H;

— Harpyska, co3aBaeMas B IpoIlecce MOCTPOCHUSI JiepeBa MHOTOAIPECHBIX MapIIPYTOB;

— Harpyska, co3aBaeMasi B IpoIecce BEIOOPA HCXOASAIIMX TPAKTOB MEPEiadr COOOIICHUIA.
CooTHoOUIeHUS AJIs OMCKA BETMYMHBI HarPY3KH NPH Pa3InYHbIX METOaX MapLIpyTHU3al[iK IPUBEICHEI B [8].

4. MaremaTuyeckasi MoJIeJIb CETEBBIX YJIeMEHTOB

[IpencraBuM MapuIpyTHU3aTOp B TEPMHHAX CHUCTEMbI MaccoBOro oOciyxxuBanusi — G/M/I/N, ¢ abco-
JFOTHBIM TPUOPHUTETOM 0OCTyKHBaHus. Ha puc. 2 mpuBeneHa MOJEb MapIIPyTU3ATOPa, I Apy — HHTCH-
CHBHOCTH TIaKETOB JTAHHBIX, MOCTYMAIONIMNX HA i-ii BXOJ| CETEBOrO JJIEMEHTA; L. — IMPOU3BOJUTEIHLHOCTh

obcy)KHUBAKOLIeHi INHAK MapIIpyTH3aTopa; Pj — BEPOSTHOCTE BBIOOpA j-I0 HCXOSIIETO TPAKTa Nepeain

coobmennii (amemMeHT Tabmumsl Mapmpytuzamun); AMS — cymMmapHas Harpyska, cosaaBaeMas KaxIbIM U3
MOCTYMAIONIUX HA BXOJ| TIOTOKOB, 33/IaHHBIX CIy4alHBIMH NporieccamMu X .
5. BepositHocThb 0s10kHpoBKM CMO ¢ orpaHu4eHHbIM Oy(depom npu BXoasilieM raMMa-noToke

UzBecTHO [6], 9TO BEPOSTHOCTH OIOKHUPOBKH B CHCTEME MaccOBOTO oOcmyxuBanus G/M/1/N Berauc-
asteTcs mo opmyie

-6 xn
pN=———0C", @)
1— GN +1
Il G — eJAMHCTBEHHOE pPelICHHEe YpaBHEHHS
h(u—po)=c, 3)

31nech i — npeodpaszoBanne Jlamraca—Ctunbrbeca.
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lex
B B
X ?"ZBX )L;I
0
I 0
Bl A

O6c¢imyKRuBaromas bl
Amsx JIMHUS
Hakonurens

Puc. 2. MaTemaruueckas MOJIeNb MapIIpyTU3aToOpa

B [7] npuBeneno pemenne ypaBHeHus (3) Ui CllydaeB raMMa-pacipeleieHuss pa3IndyHOro TMOopsiIKa.
B ob6mem cnyuae pemieHre ypaBHeHUs (3) CBOAUTCA K PEIICHUIO YPaBHEHUH BUIa
1

(kp)k —cs(l—c+kp)k =0, kp—c;(l—c+kp)=0 ,
e p = A/, A — MIHTEHCUBHOCTh TIOCTYIICHHS 3asBOK Ha Bxone CMO; LI — MpOU3BOAUTEIEHOCTh 00CTy-

sxuBaronteii mmanu CMO.
Jls vceenoBaHus ceTel ¢ caMOonoa00HBIM TpadhukoM Ko3(DOHUITUEHT & TOJKEH YAOBIETBOPATH yCIIO-

Buro: 0<k<l1. B stom ClIydyac€ raMmMa-pacrpeacjiCcHne 6y,[[eT TSXKCIIOBCCHBIM, T.C. 6y/:[eT BBIIIOJIHATBCA HC-

00X0MMOE YCIIOBHE CAMOTIONOOHOCTH TpaduKa.
JIJis IpaKTHYEeCKUX UCCIICAOBAHMIA MTOOWIET 3HaYeHNe Kodddunmenta k = 0,5. [pu k£ = 0,5 [7] umeem

CIICYIOIIEe PEIICHNUE:
1

kp—62(1—6+kp)=0, P_s2l1-6+2]=0, B(l—cz)—cz(l—c)zo, (1-o) PiPs s?|=0. (4
2 2 2 2 2
Pemenne ypaBHeHus (4) naeT Tpu KOpHSA — o= | U J1Ba KOpHS YpaBHECHHUS:

2_p__P
c°—=c-—=0. 5
) ©)

2
p. [p° . p
o1, =P+ [P P
127y \/16 2

i onpenieneHus BO3MOKHOCTH UCIIOIb30BAHUS KOPHEN YpaBHEHMS UCIIOIb3YETCSl yCIOBHE

Kopuu ypaBaenus (5)

O<oxl.
JlaHHOMY YCJIOBHIO yIOBJIETBOPSET JIUIIb OJUH KOpEHb yYpaBHEeHuUs (5):
2
o=Pi 24P
4 16 2

[Moncrapnss 3HaueHWe pemieHus: ypaBHeHus (3) B (2), moiaydyaeM BepOSTHOCTH OJOKHPOBKH CHCTEMBI
MmaccoBoro oociryxusanust Iy s/M/1/N:

2
p_lp” . p
1-P_ [P~ P
o a V1o 2] (3 N
Pn= ° GN: B+ p_+E
"o V4 Ve 2
1_ B+ p7+B
4 \16 2

6. Ouenka 1uddepeHINATHHOIO KPUTEPHA KayecTBa 00cIy:KMBaHus nmoJib3oBareeid MCC
Jns onenku mapameTpos F. u R, Bocmonbksyemcs MeTonamu [9], KOTOpbIE CBOIATCS K ONpeere-

HUIO BEPOSITHOCTH CBA3HOCTH:
1) ananusupyemoro rpada — Ry ;- ;

2) OTACIBHBIX BepuIiH rpada — b .
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BrIiBOOBI

1. Pa3paborana maremarudeckas monenb GpyHkimonnpoanuss MCC ¢ y4eToM caMOmoa00HOTO Tpa-
(hvKa Ipy MHOTOAIPECHON MapIIpyTH3AITHH.

2. Maremarudeckasi MOEIb ITO3BOJISIET TTPOBOANTD IICJICHATIPABICHHBIN aHAN3 MapaMeTPOB KauecTBa
obcmyknBanus monb3oBareneid B MCC mpu MHOTOApeCHON MapIIpyTH3AIHH.
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Zharikova V.O., Novikov S.N.
A mathematical model analysis of multicast routing in multi-service network

The paper presents a mathematical model of the multi-service network for multicast routing, comprising: a
model of incoming information flow, routing model, model of network elements (routers).
Keywords: multicast routing, mathematical model, multi-service network.
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